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Continuity 2

Def. In simple words , a function is continuous
at a fixed point if we can draw graph of the
function at around that point without lifting the
pen from the plane of the paper.

Another Def. : A function is continuous at x=a If
the function is defined at x=a and If the value
of the function at x=a is equal the limit of the
function at x=a.
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Discontinuity | ¢

Note 1 : If fis discontinuous at x=a then a
IS called point of discontinuity.

Note 2 : A function f is discontinuous at x=a In
following cases :

(1) f is not defined at x=a I.e. f(a) does not
exist.
(i) Limit of f(x) at x=a does not exit.

(i) Limit of f(x) at x=a exits but not equal to
f(a).
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Cases of

N .

Limit of f(x) at x=a does not exit.
This happens in following cases :

Lt

Case | , f(x)does not exit
X —>a

Lt _
Case || Y a- f(x)does not exit

Lt Lt
d both exit and t [
Case I”x—)a’“ f(x) an Y- f(x) both exit and are not equa
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RINAS of

Discontinuity

1. Removable Discontinuity : Some times a
function fis not defined at x=a or f(a) Is
defined in such a way that it is not equal to
limit of f(x) at x=a, then this discontinuity can
be removed by defining f(a) in such a way that
it may equal to limit of f(x) at x=a.

2. Non Removable Discontinuity : This is of
two kinds. (i) Discontinuity of first kind

(i1) Discontinuity of second kind
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Non Removable 5

Discontinuity

(1) Discontinuity of first Kind :

Lt
, f(x)and _ f(x) both exit and are not equal
x—a xX—>a

(11) Discontinuity of second kind :
t f(x)does not exit ot

_ f(x)does not exit
xX—>a

x—at




Continuity in interval | 7

(i) Open interval : A real valued function f defined on
open interval (a,b)is said to be continuous in on (a,b)
If it Is continuous at x=c for all ce (a,b)

(i) Closed interval . A real valued function f defined
on closed interval [a,b]is said to be continuous in on
[a,b] if (i) fis right continuous at x=a.

(i) f is left continuous at x=Db.
(i) f i1s continuous at x=c for all ce (a,b)
Such have continuous graph on [a,b]
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Algebra of

Continuity

It f, g are two continuous functions at x=a

then
(1) kf is continuous function at x=a ,k e R.
(1) (f £g) Is continuous function at x=a .

(i) fg Is continuous function at x=a .

(Iv) f/g is continuous function at x=a , g(a) #
o | e eI <



Prove that
A constant function is continuous everywhere.

Let f(x) =c be a constant function xe R.
Let a be any real number.

Now lim f(x) =lim(c) = ¢
X —= X —=

Also f(a) =c.
lim f(x) = f(a) vaer

= f IS continuous everywhere.
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Is the function f(x)=x2-sin x+5 10
continuous at x=mn

We have f(x)=x2-sin x+5 .

lim f(x) =lim(x? — sin x + 5)
X—>T X—=>T

= T%-Sin T+5
= 12-0+5 = m2+5

Also f(n)=n?-sin ©+5 = 1%-04+5 = n°+5
s dlim f(x) = fF(n) —f IS

X—=>T

continuous at «
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Board Questions |
Q. 1 If f(x) is continuous at x=0,
find the value of k. (Mar

2008) (1 — cos 2x 0
X
Given:f(x) = < X?
k x=0
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Board Questions |12

Q.1 (Mar 2008) 1 ZCOS2X 420
Given:f(x) = X
Kk ,x=0
If f(X) Is continuous at x=0, find the value of
k. 1 ( ) 1 1 — cos 2x I 2sin”x
SOI-xlglﬂf * = xlglﬂ X’ - xlﬂlﬂ X

: 2
lim 2(SI0Y) = 2(1)" =2
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Board Questions |13

SOl . _ 1 — cos 2x . 25i11L:-;
- lim f(x) = lim — = |lim —
x—0 x—0 X- x—0 -

: 2
lim2(SI1%) =2(1)" =2
Now f(0) = k. (given)
Because function is continuous at x=0
So Limiting value of f(x) is same as f(0).

lim f(x) = 7(0)
So k=2
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Board Questions

14

Q. 1 Discuss continuity of f(x) at x=0 (Mar

x=0

f(x) = sin X

2007) i vTs
{ 1 ,x=0
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Board Questions

15

Q. 1 Discuss continuity of f(x) at x=0 (Mar 2007)

VI+x—+1-
Vi+X—v X %20
f(x) =

sin x
1 x=10

Viex—V1-x

Sin X

Sol. lim f(x) = lim
x—0 x—0

! Vi+x—-V1I-x V1+x+V1-x
1M X
x—0 sin x Vv1+x+V1-—x
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Board Questions

16

\fl—::{—\/l—x
sin X

I Vi+x—vV1I-x 1+x+4y1-x

Im

x—0 sin X X\f1+x+\’1—:{
1+x—(1-x)

Sol. 1im f(x) = lim
x—0 x—0

lim

X0 sin x (\/1 +x+V1— X)
2X

lim

X—0 sin x [1.;’1-%‘{4—\/1—'{}
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Board Questions

17

1+x—(1—-x)
x—f’ﬂsmx(w‘1+'{+1¢1 X)

lim

x‘f’ﬂsmw«:(m-kx/:)
- lim Z
A—)‘USI.H.:’C' VTrx+.1-x

2
=1. =1

V1i+0+vV1-0
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Board Questions

18

Sol. -1 ‘ =1
Vito+vVi-o
= lim f(x) =1
x—0
Now f(0) =1

}Elglﬂ f(x) = f(0)

. f(x) is continuous atx =0
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Board Questions |18

Discuss the continuity of f(x) at x=0, where

2
{Zl}{' X ifx# 0

f(x) =
2003)

X Mar
0 , 1fx=0 (

Solution :- Here function contain modulus of x
hence we have find its limit from both sides

because | x I=x if x>0 and | x| =-x If x<0.
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Continued
Sol. L, H.L.= lim f(x) 20
x—0"
- 2|x| + X2
= |lim
x—0" X
2(—x) + x?
= lim (7%) +% IX| = —x,ifx <0
x—0" X
2X(—1+ X
= lim ( ) = lim 2(—1 4+ x)
x—0" X x—0"

2(-140) = -2

19 June

2009
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Continued

Right limit
R.H.L.= lim f(x)
x—0T
- 2|x| + X2
= |lim
x—0T X
2X + x?
= lim IX| =x,ifx=>0
x—=07t X
2xX(1 + x
= lim ( ) = lim 2(1 + x)
x—0t X x—0*t

=2(140) =2

21
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Continued

So L.HL. # R.H.L.
Limit at x=0 does not exist.

Hence from def. of continuity f(x) is
discontinuous at x=0.

Here we need not to find (0).

22
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Question o3

Q.No. 1 Find K so that function is continuous
at point x= 11/2

K cos X If X#£T1T1/2
f(x)=  T1-2x
3 If x=11/2

Q. No.2 Examine the continuity at x=0

Sinx—cosx ifx#0

f(x)= . if x=0
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Question

24

Q.No. 1
Find the all points of discontinuity of function

f ox+3  if x<0
(X) - {2x—3 if x>0

Q. No.2Find the value of a and b if function is
continuous.

5 Ifx <2
f(x)= { ax+b if 2< x <10

21 If x=10
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Derivative

Differentiation
Introduction

e |ncrement

Differential Co-efficient

Notation
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Derivative

Definition

* Let f(x) be function defined then
o f(x+ Ax) — (%)
[im
AX—0 AX

It it exit is called differential
coefficient of y w.r.t x and is
denoted as f'(x).
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r .......................... _I Derivative

« 1. Puty = given function.

« Change xto Ax andy to Ay

» Subtract (1) from (2) and obtain Ay and
simplify.

 Divide both sides by Ax.

« Take limits both sides as Ax —0 keeping in

mind Ay dy
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Derivative

« Imagine x is time and f(x) is distance
travelled in time x.

* Let f(x+Ax) be distance in x+Ax time.

« Then distance f(x+Ax) - f(x) is travelled in
time Ax.

« Speed =Distance travelled / time.

» Speed in interval=( X+Af@ _pr)X/)Ax f(x)

- Speed at a point _‘/‘\X—)O AX
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Derivative

Geometrical significance

+ Let y=1f(x) be function
whose graph in xy
plane is shown by
curve PQ

Y=f(x)
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Derivative

Geometrical significance

+ Let y=1f(x) be function
whose graph in xy
plane is shown by
curve

« Let P(c,f(c)) and
Q(c+h, f(c+h)) be Y=f(x)
ponits on curve —
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Derivative

Geometrical significance

+ Let y=1f(x) be function
whose graph in xy
plane is shown by
curve

« Let P(c,f(c)) and
Q(c+h, f(c+h)) be Y=f(x)
ponits on curve —

 PTis tangent to curve

at P T O
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Derivative

Geometrical significance

» Let y=1f(x) be function
whose graph in xy
plane is shown by
curve

* Let P(c,f(c)) and
Q(c+h, f(c+h)) be
ponits on curve

 PT is tangent to curve
at P

e PQ chord meet OX‘
at S
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Derivative

Geometrical significance

PQ chord meet OX
at S

Draw PM_LOX,
QN 1OX, PR LQN.

ZXSQ= Z RPQ=6
ZXTP=a
PR=MN=0ON-OM
=C+h-c = h
RQ=QN-RN=QN-MP
Lz A(e+h)-f(c) s EUSAT Sy P .




Geometrical significance

PQ chord meet OX at
S

Draw PML1OX, QN
10X, PR LQN.

£ZXSQ= Z RPQ=6
ZXTP=x
PR=MN=0ON-OM
=Cc+h-c =h ]
RQ=QN-RN=QN-MP
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Geometrical significance

QR _ f(cth) -f(c)

PR h
‘Now if Q approaches P
along the curve the line PQ
become the tangent to the
curve at P in limiting case

=tang

0—a as h =0 : S |
\’ O

Lt fcth) -1(c) _ Lt tang = tano

h-0 h B0

I Yl
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Derivative

Left hand derivative at a point

« A function f is said to be derivable to the left of
a point ¢ € Dy iff

' fix)—f() . flc+h)—f(c)
im lim
xX—c” X —C h—0" h

exists finitely and is denoted by Lf'(c ) and is
called left hand derivative of f w.r.t. x at x=c
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Derivative

Right hand derivative at a point

* A function f is said to be derivable to the
right of a point ¢ € D; Iff

’ fix)—fC) . flc+h)—f(c)
im = |Im
x—ct X —C h—0t h

exists finitely and is denoted by Rf’(c ) and
Is called right hand derivative of f w.r.t. x
at x=c
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Derivative

* A function f is said to be derivable at a
point c € D iff

. fx)—f(c) . flc+h)—f(c)
Im = |lim

X —C X —C h—0 h

exists finitely and is denoted by f'(c ) and is
called derivative of f w.r.t. x at x=C
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Derivative
Derivative and Continuit

* A function which is derivable at a
point Is a continuous at that point.
But its converse may or may not
be true.
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:+ 1. Show that the function defined by
Pf(x) = 3-2x  if x<2
3X-7 I x22

IS continuous at x=2 but not derivable at
X=2. :
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Derivative

 Find left and right derivatives of
f(x) = 2x+1 If x<1
6x+7  if x=1
at x=1. Is fis derivable at x=17?
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Derivative

Different names of first
principle

1. By First Principle

2. From Definition

3. By Delta Method
4. By Ab-inito
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.......................... . Derivative

: Derivative by First Principle ;

1. Put y= given function.

2. Change x to Ax and y to
Ay

3.Subtract (1) from (2) and

1 Y=f(x)
2 Y+ Ay =f(x+ Ax )
3 Y+ Ay —y=f(X+ Ax )-f(X)

Ay _ fx+Ax)—f(x)

obtain Ay and simplify. 4
. . AX AX
4 Divide both sides by Ax.
5 Take limits both sides as || 5 lim Ay _ o T A%) — ()
AX —0 5 : - ind Ax—>0AX  Ax—0 AX
%;epm%isr]] min |
l[im = dy
6 —— = f'(x)
ax
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Some Standard Results

Derivative

d n n-1
— ()" =n(x) |

d

d X X '

—et = e

dx < ogax=—1
&ogax—g 0g., e

dl — 11

dX DgEX—X ogee 1
—logx = —
dx 5 X
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Derivative

—(ax + b)" = n(ax + b)" L.a
" d

d
- —log(ax+b) =

d ax+b'al

— q@x+bh — jax+b .loga.a
q dx
eax+b _ eax+b 3
dx
d —1 +b) = |
T og.(ax+ b) = x+b'a' 0g, e
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Derivative

. Derivative of Trigonometric

S Functions . _ _ i

1 D (sinx) =cos X

2 D (cosx)=-sinx =;T:
3 D (tan x )= sec?®x

4 D (cotx)=-cosec?Xx

5 D(secx)=secx. tanx

6 D (cosec X)=-cosec X . cot X
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Derivative

. Derivative of Trigonometric

S Functions _ _ i
1 D (sin ax+b ) = cos (ax+b) .a
2 D (cos ax+b) = - sin (ax+b) Dzj_}:
3 D (tan ax+b )= sec? (ax+b) .a
4 D (cotax+b) =-cosec? (ax+b).a
5 D (sec ax+b) = sec (ax+b) . tan
(ax+b) .a
= - . L

(ax+bh).a



Derivative

Let f(x) =(goh)(x)
=g(h(x))
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Derivative

Chain Rule

EAnd t = g(x) be two functions.
: We want to find derivative of y w.r.t. x
: dy /dt =f “(t)
dt / dx = g (x) then
:dy /dx = dy /dt * dit /dx
: =1'(t) " g "(x)
=1'(g(x))" g (x)
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Generalised Chain Rule

Derivative

Lety =1(t),

t=g(u),
u =h(x),
And we want derivative of y w.r.t.

X.Then

19 June 2009
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Q No. 1
Find Y whenv = © andv = 2x? + 5
111 d:{ W E'!n}"— A all V—gx

Q No. 2 Differentiate by chain rule

y=+15x2 —x + 1
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Differentiate log (X +/x2 + az) W.T.t. X

Q No. 2

Differentiate : e *log(sin 2x)
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Important Results of Derivatives

« D( Constant) =0 4
<D(utv) =D(u)+D(v) &
« D(uxv) = ux D(v) + vxD(u)
u  vxD(u) —uxD(v)
D—= 2
Vv A"



Derivative of parametric equations

 Letx=1(t)and y= g(tf) be two functions of t

. Then dy dr_ 9O
dx dx f'(t)
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- Questions on Parametric™
I function.oooooooo ]
Q No. 1.

Findd—i,whenx =acosfandy =bsin{

Q. No. 2
1+ logt 3+ 2logt
IfX — 2 jy — ]
t t
dy dy\
By t > 0, prove that el 2X (&)
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Derivative of one function w.r.t.
other function

* Put one function of x is equal to y
and put other function of x is equal to
u

dy
dy_ dx
du du

 Then T
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Example of Derivative of a function
w.r.t. function

e Differentiate 7x°-11x2 w.r.t. 7x¢ — 15x
e Letu=7x>-11x2: v =7x2—-15x

Aau _ 35x'. 22x

C
ax
%l=14}(-15
du
u dx _ 35x-22x

v dv T 14x-15
dx

]

O
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Sin

19 June 2009

—1

Q No. 2

Dif ferentiate tan™"! (

2X

V1+x2—-1

1 4 x?

X

)w.r. t.

Differentiate log(xe*) w.r.t. x log

Punjab EDUSAT Society (PES)
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Derivative of Implicit Functions

 Explicit functions -- When a relationship
between x and y Is expressed in a way
that it is easy to solve for y and write y =
f(x)

* Implicit functions - When a relationship
between x and y Is expressed in a way
that it is not easy to solve fory and y is
not expressed in terms of x.
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Examples of Implicit functions

X® +y°® + 6 X2 y2 =16

e* +eY =e*+y

19 June 2009 Punjab EDUSAT Society (PES)

60




Q No. 2
Differentiate : y = (x¥)*
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Q No. 1
Differentiate : y

= x/°8% + (logx)*

Q No. 2
Differentiate : vy

(x —3)(x* + 4)
\ 3x2 +4x+ 5

19 June 2009 Punjab EDUSAT Society (PES)
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Derivative of Inverse T Functions

_d(Siﬁ1>< ) = 1
dx 2 Where -1<x<1
d AN —1
—(cos x)= Where -1<x<1
dx 1-x 2
i( tan"x)= 1 Where -« <x<®
dx 1+x2
d S Yl Where -« <x<
r (COU)_HXZ X
d (sed 1
—(sec x)= Where x>1 or x<-1
dx IXI Jx-1
d 1 — 1
——( cosec x)= Where x>1 or x<-1
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Derivative of Inverse T Functions

Where -1<x<1

Where -1<x<1
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Derivative of Inverse T Functions

1
1+x2

—1
1+x2

d

Where -« <x<o

&(tan X )=

Aoy
dx(cotx)—

Where —« <x<o

19 June 2009 Punjab EDUSAT Society (PES) 65



Derivative of Inverse T Functions

d (sec x)= Where x>1 or x<-1

X Ji

d
—~( cosec X)= Where x>1 or x<-1
aX N J
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Some Important substitutions

 In case of

(1)a2+x?, put x=atan6
(2)+ a2-x2,put x=asinb
(3)~ x2—a2 ,put x = a sech
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1

Properties of Inverse T-
Functions

Sin(sin’'x)= x, xe[-1,1]
and sin'(sinx) = x , xe[-n/2, ©/2]

Same result is true for other five
trigonometric ratios

19 June 2009 Punjab EDUSAT Society (PES)

68




2  Properties of Inverse T-

Functions

e cosec X =sin1(1/x) x=1 or x< -1
e cos'x=sec’(1/x) x=1 or x< -1
. cot'x = tan’'(1/x) x>0
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3  Properties of Inverse T-

Functions

e sin!(-x) =-sin'x, xe[-1,1
e cos'(-x) = m-cos'x  xel[-1,1
« tan(-x) = - tan’'x xe R
« cot’(-x) = - cot'x xe R
¢« sec’(-x)= m-sec’x Ixl=1
« cosec'(-x) = -cesec'x Ixl =1

19 June 2009 Punjab EDUSAT Society (PES) 70



4

Properties of Inverse T-

Functions
- g
 sin’x +coslx =73  xe[-1,1]
. tan'x + cot'x = >  *xeR
T
« sec'x +cosec’x =3  IxIz1

19 June 2009
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5 Properties of Inverse T-

Functions
tari'x + tari'v = tan' XY, xv<1
y oy
tari'x-tan'y =tari' =Y., xy>-1
1+xy
2tan'x = ’[:sarf'z—}'{2 ,  Ixl <1
1-X
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6 Properties of Inverse T-
Functions

2tan'x = si 12X Xl <1
14X
2
] 4 1-X

2tan X =cos - x| <1
14X

19 June 2009
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7/ Properties of Inverse T-
Functions

Sin'1>< +5in-1y = Sin:| [x }1_y2+ v 1_}(2]

S 'X - sin'1y = 5in’1[>< Av2-y 2]
1

: -1 -1
COS X+ COS Y =CO0S [XY-\/(I—XZ)H—‘)!Z)]

1

- -1 -1
COS X- COS Yy =CO0S [XB‘+\/(I—><2)(1-y2)]



I Function..oooooo ]
Q No. 1
| | | a+ bcosx
Differentiate y = sin™! ( )
b+ acosx

Q No. 2

19 June 2009

Differentiate y = cos™*! (

3Cc0SsX —4sInX
5

Punjab EDUSAT Society (PES)

)




— Function.........__|
Q No. 1

2X
Differentiate sin~? ( )
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Multiple Angle Formulae

1 Sin2A =2 Sin ACos A
2 (Cos 2A = Cos?A — Sin°A
= 2 Cos?A — 1

=1 -2 Sin2A
3 Tan2A = 2TanA
1 — Tan?A
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Multiple Angle Formulae

Sin3A=3SinA—-4Sin% A

Cos3A=4Cos°A—-3Cos A

Tan3A = 3TanA-Tan3 A
1 -3 Tan? A

19 June 2009 Punjab EDUSAT Society (PES)
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Multiple Angle Tan Form

Sin2A = 2Tan A
1+ Tan? A
Cos2A= 1-Tan? A

1+ Tan® A
Tan2A = 2 Tan A
1 —Tan? A
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Another Form

. 1-Cos 2A
A —_ +

Cos A =+ \/1+ Cos 2A

2

Tan A — + [1-Cos 2A
~\[ 1+ Cos 2A

19 June 2009 Punjab EDUSAT Society (PES)
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Tan (/4 +A)

an (w/4 + A)=1+Tan A

1—Tan A

an (m/4—A)=1-Tan A
1+ Tan A

19 June 2009 Punjab EDUSAT Society (PES)
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Differentiate w.r.t.x: vy = sin®x + cos®x

Q No. 2

1+ sinx

Ditferentiate : y = log _
\ 1 —sinx
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Q No. 1
Differentiate : y =

VX2 4+ 1 +Vx2 + 2

Q No. 2
Differentiate: y
=xJa—x%+ (x+2) V4 —x
Q No. 3

Differentiate : y

= Jx-DE-2)x-3)(x-4)
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Q No. 1Differentiate: y
= (x*—-5x+8)(x* +7x + 9)
(1)Product rule (2) Expanding the product
(3)By Logarithmic dif ferentiation
QNo.2 _. _ .
Differentiate : y = sin x°
Q No. 3 Differentiate :
X = cos0 + cos 26, y =sinb + sin 20
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Q) No. 1 Ditferentiate :
y = x3"¥ + (sinx) ©°%X
Q No. 2 Differentiate :

o . —1
O No. 3 y = sin (2 sin™ "X)

_1\/1+X2—1
X

Differentiate : tan

l2}r‘:\/1—x2

1 — 2x?
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Q No. 1
[f y=e"*sinbx  prove that

d? d

dXZ Zad—}; +(a2+b%)y=0
Q No. 2

[fy = emsinT’x prove that
d’y  dy
(1 —x%) dx? Xcﬂx m?y = 0




K2 y2 dy —b"
If I Y = 1 show that Y _

Q No. 2

Ify = sin(m sin"'x)  prove that
d®y dy
dx? dx

(1 —x%) +my =0
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Statement: If a function f(x) defined on
[a,b] is such that

(1) f(x) Is continuous Iin closed interval
[a,b]

(i) f(x) is derivable in open interval(a,b)
(i) f(a)= f(b)

then there exists at least one real
number c (a,b) such thatf'( c)=0
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Let AB be the graph of function y=f(x)
such that the point A and B of the graph
correspond to the numbers a and b of the
interval [a,D]
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f(x) iIs continuous in the interval [a,D]
its graph Is a continuous curve between

A

19 June 2009

and B.
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Again as f(x) is derivable in open interval
(a,b), therefore, graph of f(x) has a unique
tangent at every point between A and B.

Because f(a)=f(b)
. AM=BN

From four figures it is clear that there is at
least one point P on the curve between A and
B, the tangent is parallel to x-axis.

. Slope of tangent at P=0
". f'(c)=0 ,where c is abscissa of P.
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f(x)=x3+3x2-24x-80 in interval [-4,5]
Q No. 2

f(x)=sin x-sin 2xin 0 <x<2rn
Q No. 3

Discuss the applicability of Rolle’s
theorem to the function

f(x) = XE(X__lz) on [0,2]
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Statement: If a function f(x) defined on
[a,b] is such that

(1) f(x) Is continuous Iin closed interval

[a,b]

(i) f(x) is derivable in open interval(a,b)
then there exists at least one real

number ¢ (a,b) su¢ighat f(3)
(0) = ——

19 June 2009 Punjab EDUSAT Society (PES)

93



Let AB be the graph of function y=f(x)
such that the point A and B of the graph
correspond to the numbers a and b of the
interval [a,D]
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f(x) iIs continuous in the interval [a,D]

its graph Is a continuous curve between
A

and B.

19 June 2009 Punjab EDUSAT Society (PES)

95



Again as f(x) is derivable in open interval
(a,b), therefore, graph of f(x) has a unique
tangent at every point between A and B.

From four figures it is clear that there is at
least one point P on the curve between A and

B, the tangent is parallel AB
f(b) — f(a)

. Slope of tangent at P= A

f/(c) = f(bk)) — @) ,where c is abscissa of P.
— d
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-~ Venty LM.V.infollowing

f(x)= (x-3)(x-5)(x-9) in interval [3,5]
Q No. 2

f(x) = (x— 1)% on [1,2]

Q No. 3

Find point on the parabola y=(x-3)
where the tangent is parallel to the chorad
joining (3,0) and (4,1).
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i

*The End

19 June 2009 Punjab EDUSAT Society (PES) 98




